Allowed transition energies and eigenstate expansions have been calculated and tabulated in numerical form as functions of the electric field gradient asymmetry parameter for the zero field Hamiltonian of quadrupolar nuclides with I = 3/2, 5/2, 7/2, and 9/2. These results are essential to interpret nuclear quadrupole resonance (NQR) spectra and extract accurate values of the electric field gradient tensors. Applications of NQR methods to studies of electronic structure in heavy element systems are proposed.
Introduction
Nuclear quadrupole resonance (NQR) spectroscopy has long been a vital method for studying electronic structure in condensed matter [1, 2] and for performing high resolution measurements of nuclear quadrupole moments [3] [4] [5] . The key parameter obtained from NQR measurements is the electric field gradient (EFG) tensor at the nuclear coordinates, which is completely determined by two independent variables, viz., the zz component of the field gradient V zz ≡ ∂ 2 φ/∂z 2 and the tensor's asymmetry parameter η ≡ (V xx − V yy )/V zz [2, 6] .
The dependence of NQR transition frequencies and intensities on the EFG tensor has been numerically mapped [7] [8] [9] [10] [11] . Values for η and V zz may be estimated from experimentally measured NQR spectra by referring to data from this previous work. However, the approximation methods used in past calculations did not provide accurate or complete results for many cases of interest, and a more advanced and comprehensive analysis is needed for reliable interpretation of experimental spectra, especially for large η and spin quantum numbers I.
Computational formalisms have recently been described that may be used to characterize the dependence of NQR spectra on η and V zz with substantially improved accuracy and detail [12, 13] . The methods are generalizable to arbitrary spin quantum number I, but the majority of nuclei that are of interest for NQR spectroscopy have half-integer spin, i.e., I = 3/2, 5/2, 7/2, etc., 14 N with I = 1 being a notable exception. To demonstrate this approach therefore while providing data of greatest value for the interpretation of NQR experiments, quadrupolar nuclides with half-integral spin are considered exclusively in this paper.
Computational method
The zero field spin Hamiltonian of a quadrupolar nuclide in the principal axis system (PAS) of the EFG tensor has the form [2, 6] 
For η = 0, this Hamiltonian has the same eigenstates as the operator I z ; we write these states as |m⟩, with m representing the eigenvalues of I z , I ≥ m ≥ −I. The eigenstates of H Q may be expressed more generally as a linear superposition of the basis states with normalized complex coefficients that are functions of
where |ψ n (0)⟩ = |n⟩. Similarly, the eigenvalue of H Q corresponding to the eigenstate |ψ n (η)⟩ can be written as a function of η, i.e., λ n (η). Because of the bilinear I 2 + and I 2 − terms in Eq. (1b), the only non-zero coefficients in Eq.
(2) will be those with m = n ± 2q, q being an integer.
The mixing of states for non-zero η is embodied by the complex coefficients in the summation in Eq. (2), which can be written
where |k⟩ is an eigenstate of I z . A quantitative measure of the superposition of |m⟩ states is the magnitude of c nk (η), given by the
Plots of |⟨k|ψ n (η)⟩| vs. η thus reveal the extent to which variation of η mixes the basis states in the expansion of |ψ n (η)⟩.
To visualize the dependence of the eigenvalues and eigenstates of H Q on η, it is necessary to explicitly solve for |ψ n (η)⟩ and λ n (η) for a densely spaced array of η values over the allowed range 1 ≥ η ≥ 0. Evaluation of the eigenvalues is considerably simplified by observing that the matrix form of H Q in the I z basis can be arranged in a block diagonal form for I = p/2, p odd [7, 9] .
The calculations reported in this paper were performed with the use of linear algebra functions provided within the Mathematica programming environment [14] .
Numerical diagonalization functions return the (2I + 1) computed eigenvectors of a matrix in an order that may be unpredictable. A procedure must therefore be devised to definitively relate a given eigenvector |ψ n (η)⟩ to its ''parent'' state |n⟩. Since the eigenvectors are by definition orthonormal, the projection of the kth basis vector onto |ψ n (η 0 )⟩, η 0 ∼ 0, should be close to unity only if n = k and zero otherwise, that is
where δ kn is the Dirac delta function. This procedure may be iterated, beginning with η = 0 and evaluating the inner products while incrementing the asymmetry parameter in steps of η 0 . The criterion for deciding the parent state in the (p+1)th iterate in this procedure would be:
with p being incremented from 0 to (η −1 0 − 1). In this way, the eigenstates and eigenvalues of H Q can be unambiguously assigned to their parent state for each pη 0 increment from 0 to 1, even for the pairs of states |ψ ±n (η)⟩, which are degenerate for spins with half integral I. The Mathematica codes developed for this work incorporate this procedure to perform the sorting and assignment tasks in an automated fashion. 
Results and discussion

Spin-3/2
Exact solutions for the doubly degenerate eigenvalues of H Q have been derived for I = 3/2 [9] ; in frequency units, they are
These functions and the allowed (single-quantum) transition energies are plotted as functions of η in Fig. 1 , and a list of (η, λ ±m (η)) pairs is presented in Table 1 . Magnitudes of the coefficients c nk (η) (Eq. (4)) are displayed in Fig. 2 . Measurement of the single allowed transition for I = 3/2 does not suffice to determine the two variables V zz and η, although η can often be independently evaluated by ab initio calculations or through consideration of the symmetry of the nuclide's environment [15] .
Spin-5/2
The numerical evaluation of the energy levels and allowed transition energies of H Q for I = 5/2 are summarized by Table 2 and the plots in Fig. 3 . The dependence of |⟨k|ψ n (η)⟩| on η is illustrated in Fig. 4 
Spin-7/2
Nuclides with I = 7/2 have eight doubly degenerate eigenstates and exhibit three distinct allowed transitions ( Fig. 5 and Table 3 ). The energy curve of the ±3/2 ↔ ±1/2 transition intersects the ±5/2 ↔ ±3/2 and the ±7/2 ↔ ±5/2 curves at η ≈ 0.585 and η = 1, respectively. In all cases the only coefficients c nk (η) found to be non-zero were those for which k = n ± 2q, as predicted in Section 2.
The finite size of the |c nk (η)|, k ̸ = n, suggests that certain dipole forbidden NQR transitions can become weakly allowed when η ̸ = 0 [13] . Whereas allowed NQR transitions are characterized by changes in the spin angular quantum number of △m = ±1, the mixing of states separated by angular momenta quanta of 2q leads to non-zero magnetic dipole matrix elements between pairs of states with △m = ±q, q odd. For some pairs of states, such as  |ψ 3/2 (η)⟩, |ψ −3/2 (η)⟩  the energy of the forbidden transition may be small or zero, but for others, e.g.,
, the energy difference may be much larger than any of the allowed transitions. The intensities of the resonances would serve to differentiate allowed from forbidden transitions.
Spin-9/2
The five doubly degenerate energy levels and four allowed zero field transition energies of a spin-9/2 nuclide are plotted in Fig. 7 as functions of η. A numerical list of the energy eigenvalues is given in Table 4 . The bottom figure shows that the energy difference λ ±3/2 (η) − λ ±1/2 (η) is the lowest of the four transitions for small η, but transects the curves of the other transitions and joins the highest lying λ ±9/2 (η) − λ ±7/2 (η) difference function at η = 1.
Similar behavior is observed in the previous plots of transition energies, where the energy curve for the |ψ ±1/2 (η)⟩ ↔ |ψ ±3/2 (η)⟩ transition is always lowest at η = 0 but becomes larger and crosses the other curves as η increases until it becomes degenerate with the |ψ ±(I−1) (η)⟩ ↔ |ψ ±I (η)⟩ transition at η = 1.
The crossing of energy curves is made possible by the much larger variability in λ ±3/2 (η) − λ ±1/2 (η) as compared to the energies of other transitions. Because of the potential for the energy curves to cross, in any analysis of NQR spectra there will be inherent uncertainty in identifying which eigenstate pairs to assign to a given resonance. As a result, detection of only two NQR signals may not suffice to determine the two parameters η and V zz ; observation of a third transition or the introduction of additional information that would enable η to be estimated would be needed for an unambiguous extraction of EFG parameters.
As seen for the I = 7/2 case, expansion of the energy eigenstates reveals substantial mixing of the |m⟩ basis states ( Fig. 8) , indicating that dipole forbidden odd order transitions can have a finite probability for non-zero η.
Conclusion
Tables 1-4 provide data required to interpret NQR spectra and determine EFG tensors from the experimentally measured transition frequencies. Complications in the analysis can arise when spectra are incomplete or ambiguous: lines may be missing because of unfavorable relaxation times or frequencies that lie outside the bandwidth of the spectrometer; the order of resonances fied by the longstanding attention on the halogen isotopes 35,37 Cl, 79,81 Br, and 127 I [1, 2] . Although previous NQR studies have focused exclusively on stable light isotopes, several heavy radionuclides have exceptionally large quadrupole moments suggesting that they too would be promising candidates for NQR experiments. Most of these isotopes, shown in Table A , are available in quantities sufficient for detection by NQR instruments. The magnitude of the NQR transition energies expected for these nuclides can be estimated with EFG tensors computed by ab initio methods. Assuming the relativistic results obtained by de Jong et al. [16] and Autschbach et al. [17] for uranium in the uranyl (UO 2+ 2 ) ion, 233 U and 235 U zero field splittings on the order of 10 2 -10 3 MHz are predicted (Table B ). Quadrupole couplings of this size would be significantly greater than the energy due to the Zeeman interaction, which in a 11.74 T NMR magnet, would be 21.12 and 8.70-11.76 MHz for 233 U and 235 U, respectively. These results suggest that pure NQR experiments would be a more attractive option than NMR spectroscopy for probing the complex electronic structure of the 5f elements [18] [19] [20] [21] [22] . Methods demonstrating the feasibility of ra-diofrequency spectroscopic experiments such as NMR and NQR on highly radioactive samples have been described [23] [24] [25] [26] .
As EFG tensor calculations improve, it becomes feasible to consider NQR experiments as a way to accurately measure nuclear quadrupole moments [2, 3] . Current reference values of nuclear data for quadrupolar actinide isotopes (and radioisotopes generally) are characterized by large uncertainties or wide variation from method to method [4, 5] . Nuclear transition energies, which typically appear in the radiofrequency part of the electromagnetic spectrum, are usually well-resolved, and should provide a straightforward way for determining Q , limited in accuracy only by the quality of the calculation of the parameter V zz [17, 15, 27] . Tables   Table 1. List of the energy eigenvalues of the quadrupolar Hamiltonian for m = 3/2 as a function of η, as plotted in Fig. 1 List of the energy eigenvalues of the quadrupolar Hamiltonian for m = 5/2 as a function of η, as plotted in Fig. 3 . η EFG tensor asymmetry parameter ±5/2 Eigenvalues of |ψ ±5/2 (η)⟩ states in units of eQV zz /4I(2I − 1)h ±1/2
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